SURGERY AND THE SPINORIAL r-INVARIANT 



BERND AMMANN, MATTIAS DAHL, AND EMMANUEL HUMBERT 

Abstract. We associate to a compact spin manifold M a real- valued invariant 
t(M) by taking the supremum over all conformal classes of the infimum inside 
each conformal class of the first positive Dirac eigenvalue, when the metrics are 
normalized to unit volume. This invariant is a spinorial analogue of Schoen's 
cT-constant, also known as the smooth Yamabe invariant. 

We prove that if N is obtained from M by surgery of codimension at least 2 
then r(N) > min{r(M), A n }, where A n is a positive constant depending only 
on n = dimM. Various topological conclusions can be drawn, in particular 
that r is a spin-bordism invariant below A n . Also, below A n the values of r 
cannot accumulate from above when varied over all manifolds of dimension n. 
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1. Introduction 

1.1. Spin manifolds and Dirac operators. Let M be a compact n-dimcnsional 
spin manifold without boundary. We will always consider spin manifolds as equipped 
with an orientation and a spin structure. The existence of these structures is equiv- 
alent to the vanishing of the first and the second Stiefel- Whitney classes. 

As explained in [THl EH [H] one associates the spinor bundle H 9 M to the spin 
structure, together with a Rlemannian metric g on M and a complex irreducible 
representation p of the Clifford algebra over W 1 . The Dirac operator D 9 is a self- 
adjoint elliptic first order differential operator acting on smooth sections of the 
spinor bundle Y. 9 M. It has a spectrum consisting only of real eigenvalues of finite 
multiplicity. The spectrum depends on the choice of spin structure, on the metric g, 
and a priori on the representation p. In even dimensions n, the representation p 
is unique. In odd dimensions there are two choices p + and p~ . Exchanging the 
representation results in reversing the spectrum, that is if A is an eigenvalue of D 9 + 
then —A is an eigenvalue of D 9 _ with the same multiplicity, and vice versa. This 
has no effect if n = 1 mod 4 since the real/quaternionic structure on YAM anti- 
commutes with the Dirac operator and the spectrum therefore is symmetric, see |1Q[ 
Section 1.7]. However, in dimensions n = 3 mod 4 the choice of p matters. In this 
case we choose the representation such that Clifford multiplication of ei • e% • • • e„ 
acts as the identity, where ei, . . . ,e„ denotes the standard basis of R n . We thus 
can and will suppress p in the notation. 

1.2. The r-invariant. We denote by Xi(D 9 ) the first non-negative eigenvalue of 
D 9 . For a metric g on M we define 

Kto(M,g) := inf \+ (D 9 )Vo\(M, ~g) 1/n , 

where the infimum is taken over all metrics g conformal to g. Further we define 

t+(M) :=su P A+ n (M, 5 ), 

where the supremum is taken over all metrics g on M. This yields an invariant of 
the spin manifold M. Observe that we do not require M to be connected. 

We begin by noting some simple properties of the invariant r + . Let (S n ,a n ) 
denote the unit sphere with its standard metric. We have 

\+ < <?" rr n \ — 71 1 A/ ra 

X rmo\P > CT ) - 2 n ' 

where u> n is the volume of (S n , cr n ). Moreover it is shown in [21 [6] that 

A+ in (M )9 )<A+ in (5",0 

for any compact Rlemannian spin manifold (M, g) . Together with Inequality ([1]) 
below we get 

r + (S") = A+ ln (5" !( 7») = ^/«, 
so for all compact spin manifolds M we have 

T+(M) < T+{S n ). 
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If the kernel of D 9 is non-trivial, then obviously A^ in (M, g) = 0. Conversely, it 
was shown in [2] that if the kernel of D 9 is trivial, that is if D 9 is invertible, then 
A^i n (M, g) > 0. It follows that t + (A/) > if and only if there is a metric g on M 
for which the Dirac operator D 9 is invertible. It is a further fact that r + (M) = 
precisely when a(M) ^ 0, where a(M) is the alpha-invariant which equals the 
index of the Dirac operator for any metric on M, see [3]. 

For compact Riemannian spin manifolds (M±,gi) and (A^ffe) we denote by 
M\ II Af 2 the disjoint union of M\ and Af 2 with the natural metric g\ II g%. It is 
not difficult to see that 

KJMx n M 2,9i n <? 2 ) = mm{A+ in (M 1)ffl ), A+ n (Af 2 , fl2 )}. 

This implies 

t+(Ml U M 2 ) = min{r + (Mi), r+(M 2 )}. 

We denote by — M the manifold M equipped with the opposite orientation. The 
Dirac operator changes sign when the orientation of the manifold is reversed. If 
M has dimension ^ 3 mod 4 this does not change the first positive eigenvalue 
of D since the spectrum is symmetric, so we then have A+ in (— M, g) = A+ in (Af, g) 
and t + (— M) = t + (M). For manifolds M of dimension = 3 mod 4 we define 
Amin( M ;3) and t-(M) similar to A+ in (A/,g) and r+(M) by replacing A^ by the 
absolute value of the first non-positive eigenvalue. We then have A^ in (— M, g) — 
A- in (M, 5 ) andr+(-M)=r-(M). 

1.3. The cr-constant. The r-invariant is a spinorial analogue of the cr-constant 
[T71 [2Tj which is defined for a compact manifold M by 

a(M) := supmf : J 



Vol(M,g) — 

where the infimum runs over all metrics g in a conformal class and the supremum 
runs over all conformal classes. a(M) is also known as the smooth Yamabe invariant 
of M. When a(M) is positive it can be computed in a way analogous to t + (M) 
using the lowest eigenvalue of the conformal Laplacian L 9 — 4^5^A ff + ScaP instead 
of \i(D 9 ). Hijazi's inequality [THEI] gives a comparison of the two invariants, 

T±(Mf > — — —u{M). (1) 
4(n — 1) 

For M = S n equality is attained in ([1}. Upper bounds for r ± (Af) may help to 
determine the cr-constant. 

Surgery formulas for the cr-constant analogous to those obtained in this paper 
have been proved in [S]. 

1.4. Geometric constants. We are going to prove a surgery formula for the in- 
variant t + . This formula involves geometric constants A rit k which we now define. 
For a complete spin manifold (V, g) we set 

Kjy>9) :=mfA£ [0,oo], 

where the infimum is taken over all A £ (0, oo) for which there is a non-zero spinor 
field ip EL°°{V)r\L 2 {V)nCl oc {V) such that ^_ < 1, and 

L n 1 (V) 

D g cp = \\<p\&tp. (2) 
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If there are no such solutions of @ on V then A+ in (V, g) = oo. 

For a positive integer k we let £ fc denote the Euclidean metric on R fe . For c £ K 
we denote by 77* +1 := e 2ct £ + dt 2 the hyperbolic metric of sectional curvature — c 2 
on R fc+1 . As above (7 "-' c ~ 1 denotes the metric of sectional curvature 1 on S n ~ k ~ 1 . 
We define the product metric 

G c := T] k+1 + a n - k - 1 
on R fc+1 x S f "~' c ~ 1 , and we define our geometric constants as 

An,k-= inf A+T(M fc+1 xS n - k -\G c ), 
ce[-i,i] 

and 

A„ := min A n _ k . 

0<fc<n-2 

Note that the infimum could as well be taken over c £ [0, 1] since G c and G_ c are 
isometric. It is easy to see that A„ :0 = X^ ain (S n ,a n ). For k > we are not able to 
compute these constants, but at least we can show that they are positive. 

Theorem 1.1. For < k < n — 2 we have A n> k > 0. 

1.5. Joining manifolds. We are going to study the behaviour of r + when two 
compact Riemannian spin manifolds are joined along a common submanifold. Let M\ 
and Mi be spin manifolds of dimension n and let N be obtained by joining M\ and 
M2 along a common submanifold as described in Section \2~2\ The manifold N is 
spin and from the construction there is a natural choice of spin structure on N. 
The following results make it possible to compare t + (M\ II M2) and t + (N). 

Theorem 1.2. Let (Mi, 51) and (M%,g2) be compact Riemannian spin manifolds 
of dimension n for which both D Sl and D 92 have trivial kernel. Let W be a compact 
spin manifold of dimension k embedded into Mi and Mi with trivializations of the 
corresponding normal bundles given. Assume that < k < n — 2, and let N be 
obtained by joining M\ and Mi along W . Then there is a family of metrics gg, 
£ (0, 9q) on N satisfying 

min{A+ n (Mi II M 2 , g x II g 2 ), A n>k } < liminf A+ n (N, g e )) 

v — >{j 

< limsupA+ in (iV, 5e ) 

< A+ n (M 1 nM 2 , 5l n 52 ). 

Taking the supremum over all metrics on Mi II M 2 the first inequality gives us the 
following corollary. 

Corollary 1.3. In the situation of Theorem \1.2\ we have 

t+(N) > min{r + (M 1 II M 2 ), A lMc } > min{r+(M 1 ), r+(M 2 ), A„}. 
Note that these estimates on r + would be trivial without Theorem ll.il 

1.6. Surgery and bordism. Performing surgery on a spin manifold is a special 
case of joining manifolds, this is discussed in more detail in Section 12.21 From 
Corollary 11.31 we get an inequality relating the r- invariant before and after surgery. 
For a compact spin manifold M of dimension n we define 

r+(M) :=min{r+(M),A n }. 
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We also define 

t(M) := min{r + (M),T-(A/), A„}. 

If n ^ 3 mod 4 then t(M) = t + {M). As noted before, all results for t + (M) also 
hold for ~(M) := min{T~ (M), A„}. 

Corollary 1.4. Assume that M is a spin manifold of dimension n and that N is 
obtained from M by a surgery of codimension n — k > 2. Then 

t+(N) > min{r+(M),A n , fc } > min{r+(M), A n }. 

Corollary 1 1.41 tells us that 

t + (N) > t+(M), t(N) > t(M). 

Two compact spin manifolds M and N are spin bordant if there is a spin diffeomor- 
phism from their disjoint union to the boundary of a spin manifold of one dimension 
higher, and this diffcomorphism respects the orientation of N and reverses that of 
M. This happens if and only if N can be obtained from M by a sequence of surg- 
eries. To apply Corollary 1 1 . 41 we need to know when this sequence of surgeries can 
be chosen to include only surgeries of codimension at least two. The theory of han- 
dle decompositions of bordisms tells us that this can be done when N is connected, 
see [IHl VII Theorem 3] for dimension 3, and [T51 VIII Proposition 3.1] for higher 
dimensions. 

Corollary 1.5. Let M and N be spin bordant manifolds of dimension at least 3 
and assume that N is connected. Then t(N) > f{M). In particular, if M is also 
connected we have f{N) — t(M). 

Corollary 11.51 can also be shown in dimension 2 with similar arguments The- 
orem 1.3]. 

The spin bordism group 0^ pin is the set of equivalence classes of spin bordant 
manifolds of dimension n with disjoint union as addition. Since every element in 
f2^ pm can be represented by a connected manifold we obtain a well-defined map 
t : f^ pm — > [0,A„] which sends the equivalence class [M] of a connected spin 
manifold M to r(M). 

Corollary 1.6. There is a positive constant e n such that 
T+(M)e{0}U[ £ „,A+ n (S'>")]. 
for all spin manifolds M of dimension n. 

Proof. The spin bordism group ^ pin is finitely generated [551 page 336]. This 
implies that the kernel of the map a : f2^ pin — > KO n is also finitely generated. Let 
[N\], . . • , [N r ] be generators of this kernel, we assume that the manifolds Ni are all 
connected. Since r(M) = if and only if a(M) ^ we obtain the corollary for 

£„ := min{A n ,r(iVi), . . . ,r(N r )}. 

□ 

The a-map is injective when n < 8, and then e n — A„. We do not know whether 
there are n S N with e n < A n . In other words, we do not know if there are 
n-dimensional manifolds M with < t + (M) < A n . If such manifolds exist, the 
following observations might be interesting. 
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First, if M is a spin manifold with t + (M) < A„, then it follows from Corollarv ll.5l 
that the cr-constant of any manifold N spin bordant to M satisfies 

a f N ) < -fcl2 r +( M ) 2 . 
n 

For the next observation we define 

S(t) := {[M] G n s / ,n | r(M) > 0, := {[M] £ fif n | r+(M) > t}, 

and 

T(t) := {[M] G n s / ,n | t(M) > f}, T+(t) := {[M] G Q* pin | r+(M) > i}. 
Obviously S(t) = S + (t) and T(i) = T+(t) in dimensions ri ^ 3 mod 4. 

Corollary 1.7. S'(t) is a subgroup o/ f^ pm for t G [0, A„] and T(t) is a subgroup 
y^spin j or t e [o ; A„). Ifn = 3 mod 4 7 tften and are submonoids. 

Corollary 1.8. The values ofr cannot accumulate from above. 

Proof. Assume that i,; :— r(Mi), i G N, is a decreasing sequence of values of r 
which converges to a limit too. We want to show that ti = t^ for all but finitely 
many i. 

We have S(U) C S(ti + i), and hence — T(too) is a subgroup of the 

finitely generated group 0^ pm . It is thus finitely generated itself and we choose a 
finite set of generators. There must then be an / G N such that S(tj) contains 
this finite set, and thus S(tj) = T(i OQ ). Hence [M,] G S(ti) for all i, which implies 
ti > t]. We conclude that f,- =tj = t^ for i > I. □ 

We do not know whether r + can accumulate from above in dimensions n = 3 
mod 4. 

1.7. Variants of the results. We already remarked earlier that if the alpha-genus 
a(M) of a spin manifold M does not vanish, then the index theorem tells us that 
the kernel of D 9 is non-trivial for any metric g on M, and hence t + (M) = 0. For a 
connected spin manifold M the index theorem implies that the kernel of the Dirac 
operator has at least dimension 



a(M) := 



\A(M)\, 


if n = mod 4; 




1, 


if n = 1 mod 8 and 


a(M) ^ 0; 


2. 


if n = 2 mod 8 and 


a(M) ^ 0; 


0, 


otherwise. 





Let us modify the definition of r + and use the fc-th non-negative eigenvalue of 
the Dirac operator instead of the first one. The quantity thus obtained, denoted 
by t+(A/), is zero if k < a(M). It follows from [5] and g] that r+ +1 (M) > 0. 
We expect that our methods generalize to this situation and yield similar surgery 
formulas for Tir. 

2. Preliminaries 

2.1. Notation for balls and neighbourhoods. We write B n (r) for the open 
ball of radius r around in R ra , and set B n := B n (l). For a Riemannian manifold 
(M 7 g) we let B 9 (p,r) denote the open ball of radius r around p G M. If the 
Riemannian metric is clear from the context we will write B(p, r). For a Riemannian 
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manifold (M,g) and a subset S C M we let U 9 {S,r) := {J xeS B 9 (x, r) denote the 
r-neighbourhood of S. Again, if the Riemannian metric is clear from the context 
we abbreviate to U(S,r). 

2.2. Joining manifolds along submanifolds. We are now going to describe 
how two manifolds are joined along a common submanifold with trivialized normal 
bundle. Strictly speaking this is a differential topological construction, but since 
we work with Riemannian manifolds we will make the construction adapted to the 
Riemannian metrics and use distance neighbourhoods defined by the metrics etc. 

Let (Mi, ji) and (M 2 ,y 2 ) be complete Riemannian manifolds of dimension n. 
Let W be a compact manifold of dimension k, where < k < n. We assume that 
W is embedded in both Mi and M 2 with trivializations of the normal bundle, we 
desribe these embeddings as follows. 

Let Ha : W x M. n - k -> TM t , i = 1,2, be smooth embeddings. We assume 
that Wi restricted to W x {0} maps to the zero section of TMi (which we identify 
with Mi) and thus gives an embedding W — > Mj. The image of this embedding 
is denoted by W(. Further we assume that Wi restrict to linear isomorphisms 
{p} x W l ~ k — > Nyj.^fi-jW! for all p G Wi, where NW- denotes the normal bundle 
of W[ defined using gi . 

We set Wi := exp 9i owi. For i = 1,2 this gives embeddings Wi : W x B n ~ k (R max ) - 
Mi for some R max > 0. We have W- — Wi(W x {0}) and we define the disjoint 
union 

(M,g) := (M 1 nM 2 , 5 in 52 ), 

and 

W' := W[ II W 2 . 

Let ri be the function on Mi giving the distance to Then n o wi(w, x) = 

r2°W2(w, x) — \x\ for w G W, x S B n ~ k (R max ). Let r be the function on M defined 
by r(x) :— n(x) for x e Mi, i = 1,2. For < e we set f/»(e) := {x G M 4 : rj(a;) < s} 
and C/(e) := U x {e) l)U 2 (e). For < e < 9 we define 

N £ := (Mi \ C/^e)) U (M 2 \ t^ 2 (e))/~, 

and 

C/f(0) := (£/((?) \£/(e))/~ 

where ~ indicates that we identify ir G dU\{e) with w 2 o w^ 1 (x) G 9C/ 2 (e). Hence 

iV e = (M\[/(0))U[/i v (e). 

We say that JV e is obtained from Mi, M 2 (and w\, u) 2 ) by a connected sum along 
W with parameter s. 

The diffeomorphism type of N E is independent of e, hence we will usually write 
= N £ . However, in some situations where dropping the index e might cause 
ambiguites we will write N E . For example the function r : Mi H M 2 — ► [0, oo) also 
defines a continuous function r : N E — > [e, oo) whose definition depends on e. We 
will also keep the e-subscript for U^(6) as important estimates for spinors will be 
carried out on U e N {&). As the embeddings w\ and w 2 preserve the spin structure, 
the manifold N carries a spin structure such that its restriction to (Mi \ w\ (W x 
B n ~ k )) H (M 2 \ u>2(W x B n ~ k )) coincides with the restriction of the given spin 
structure on Mi U M 2 . If W is not connected, then this choice is not unique. The 
statements of our theorem hold for any such spin structure on N. 
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The surgery operation on a manifold is a special case of taking connected sum 
along a submanifold. Indeed, let Af be a compact manifold of dimension n and 
let Mi = Af, M 2 = S n , W = S k . Let w x : S k x B n ~ k -> M be an embedding 
defining a surgery and let W2 ■ S x B n ~ k — > S n be the standard embedding. Since 
S n \ W2(S k x B n ~ k ) is diffeomorphic to B k+1 x S n ~ k ~ 1 we have in this situation 
that N is obtained from M using surgery on iwi, see [HI Section VI. 9]. 

2.3. Comparing spinors for different metrics. Let M be a spin manifold of 
dimension n and let g, g' be Riemannian metrics on Af . The goal of this paragraph 
is to identify the spinor bundles of (M,g) and {M,g') following Bourguignon and 
Gauduchon [9]. 

There exists a unique endomorphism b 9 , of TM which is positive, symmetric 
with respect to g, and satisfies g{X,Y) = g' '(b 9 ,X,b 9 g ,Y) for all X,Y 6 TM. This 
endomorphism maps g-orthonormal frames at a point to g'-orthonormal frames at 
the same point and we get a map b 9 g , : SO(M, g) — > SO(A/, g') of SO(n)-principal 
bundles. If we assume that Spin(Af, g) and Spin(Af, g') are equivalent spin struc- 
tures on M then the map b 9 , lifts to a map (3 9 g , of Spin(n)-principal bundles, 

Spin(M, 5 ) Spin(Af, 5 ') 

SO(M, ff ) SO(M, ff ') 

From this we get a map between the spinor bundles YPM and M denoted by 
the same symbol and defined by 

P 9 , : E 9 Af = Spin(Af,.g) x p S„ -> Spin(Af,.g') x p S„ = E 9 'M, 
^ = [s, 99] i-> [/3^,s, v?] = P 9 ,t/}, 

where (p, S„) is the complex spinor representation, and where [s, ip] G Spin(A^f, g) x„ 
T, n denotes the equivalence class of (s,ip) S Spin(Af , g) x E„ for the equivalence 
relation given by the action of Spin(n). The map (3 9 g , of Hermitian vector bundles 
is fiberwise an isometry. 

We define the Dirac operator 9 D 9 acting on sections of the spinor bundle for g 

by 

9 D 9 ' := (^r'oD 9 ' op 9 gl . 

In [HI Theorem 20] the operator 9 D 9 is computed in terms of D 9 and some extra 
terms which are small if g and g' are close. Formulated in a way convenient for us 
the relationship is 

9 D 9 'tP = D 9 iP + A 9 g ,(V 9 iP) + B 9 ,{^), (3) 
where A 9 , € hom(T*M <g> S^Af, S 9 Af) satisfies 

\A 9 ,\<C\g-g'\ g , (4) 
and B g , e hom(E fl, Af, S s Af) satisfies 

|^|<C(| ff - 5 '| s + |V«( ff - 5 ')| 9 ) (5) 

for some constant C. 
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In the special case that g' and g are conformal with g' = F 2 g for a positive 
smooth function F the formula simplifies considerably, and one obtains 



g D g '(F-^ip) = F-^D 9 ijj, (6) 



see for instance [13 [5] . 



2.4. Regularity results. By standard elliptic theory we have the following lemma 
(see for example [3[ Chapter 3] where the corresponding results of [IT] are adapted 
to the Dirac operator). 

Lemma 2.1. Let (V, g) be a Riemannian spin manifold and Q C V an open set 
with compact closure in V . Let also r G (1, oo). Then there is a constant C so that 



\V 9 ip\ r dv 9 < C[ / \D a (p\ r dv 9 + / \<p\ r dv 9 ) (7) 

for all tp S r(S 9 fi) which are of class C 1 and compactly supported in fl. 

For a compact Riemannian manifold with invertible Dirac operator we have the 
following special case. 

Lemma 2.2. Let (V,g) be a compact Riemannian spin manifold such that D 9 is 
invertible. Then there exists a constant C such that 

\V 9 if\^TT dv 9 <C [ \D 9 Lp\^rrdv 9 (8) 
for all Lp e T(Z 9 V) of class C 1 . 

2.5. The associated variational problem. Let (M,g) be a compact spin man- 
ifold of dimension n with ker D 9 — {0}. We define the functional J 9 acting on 
smooth spinor fields ip £ T(E 9 M) by 

_ [j M \DM^dv 9 )^ 

JS(V0 ■ J M (D^)dv9 ' 

whenever the denominator is non-zero. Using techniques from |20j it was proved in 
[2] that 

K lin {M,g)=M J 9 ^), (9) 
where the infimum is taken over the set of smooth spinor fields satisfying 

(Dip, ip) dv 9 > 0. 

M 

If g and g = F 2 g are conformal metrics on M and if J 9 and J 9 are the associated 
functional, then by Relation ([6]) one computes that 

J 9 (F-^ip) = J 3 (ip) (10) 

for smooth ip e r(S ff M)). 

The following result gives a universal upper bound on A^ in (M, g). 

Proposition 2.3. Let (M,g) be a compact spin manifolds of dimension n > 2. 
Then 

A+ in (Af, 5 )<A+ n (5",a") = ^y», (11) 
where lu u is the volume of (S n ,a n ). 
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Proposition 12.31 was proven for n > 3 in [2] using geometric methods. In the 
case n — 2 the article [2] only provides a proof if kerD = {0}. Another method 
that yields the proposition in full generality is to construct for any p £ M and 
e > a suitable test spinor field ip e supported in B 9 (p,e) satisfying J 9 (ip £ ) < 
A+ in (5", cr") + o(e), see [6] for details. 

If Inequality holds strictly then one can show that the infimum in Equation 
(J9j) is attained by a spinor field ip. The following theorem will be a central ingredient 
in the proof of Theorem 11.21 

Theorem 2.4 ([TJ[3]). Let (M,g) be a compact spin manifold of dimension n for 
which Inequality ill]) holds strictly. Then there exists a spinor field ip € C 2 ' Q (EM)n 
C oo (SM\(p- 1 (0)) where a e (0, 1) n (0,2/(n - 1)] such that M L ^ {M) = 1 and 

Furthermore the infimum in the definition of A^ in (Af, g) is attained by the gen- 
eralized conformal metric g — \ f\ i '^ n ^ g, see [T] for details. 



3. Preparations for proofs 

3.1. Removal of singularities. The following theorem gives a condition for when 
singularities of solutions to Dirac equations can be removed. 

Theorem 3.1. Let (V,g) be a (not necessarily complete) Riemannian spin manifold 
and let S be a compact submanifold of V of codimension m > 2. Assume that 
if G L P (H(V \ S)), p > m/(m — 1), satisfies the equation 

Df = p 

weakly on V\S where p € L 1 (^(V\S)) = L 1 (SK). Then this equation holds weakly 
on V . In particular the singular support of the distribution Dip is empty. 

Proof. Let ip be a smooth compactly supported spinor. We have to show that 

(<p,Dip)dv= [ (p,if>)dv. (12) 



Recall that for e > we denote the set of points in V of distance less than e to S 
by U(S,e). We choose a smooth cut-off function Xe '■ V — > [0, 1] with support in 
U(S,2e), Xe = 1 on U(S,e), and |gradx £ | < 2/e. Wc then have 



(<p,Dip)dv- I (p,tp)dv= / (p,D((l - Xe)ip + Xeip)) dv - / (p,ip)dv 

Jv Jv 

= f (Dif,(l- X e)^)dv+ f (tp,XeDlP)dv 

Jv Jv 

+ / (¥>: gradxe ■ tp) dv - / (p, i/j) dv 
Jv Jv 

= (p,Xs^)dv+ I {ip,XeDip)dv 
Jv Jv 

+ / <Vi gradxe • V 1 ) dv, 
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where Dip = p is used in the last equality. Let q be related to p via l/q + 1/p = 1. 
It follows that 

< sup \tp\ / \p\ dv 

\U(S,2s) J JU(S,2e) 



(tp, Dip) dv — (p, ip) dv 
v Jv 



+ ( sup \Dip\ + - sup \tp\ ] / 

\U(S,2e) £ U{S,2e) J Jb 



<p\ dv 

U(S,2e) 

< o(l) + |||^|| iP([/(s , 2e)) Vol(;7(5,2 £ )) 1 /' 
< (l) + C||^|| LP(a(s , 2e))£ (" 1 ^- 1 , 

where o(l) denotes a term tending to as e — > 0. Since p > m/(m— 1) is equivalent 
to m/q > 1 we see that ((T^|) holds. □ 



Applying Theorem 13.11 to the non-linear Dirac equation in Theorem 12.41 we get 
the following corollary. 



Corollary 3.2. Let V and S be as in Theorem \3.1\ Then any LP -solution, p = 
2n/(n - 1), of 

Dip = \\ip\ p - 2 <p (13) 
on V \ S is also a weak LP '-solution of \13\) on V . 

3.2. Limit spaces and limit solutions. In the proofs of the main theorems we 
will construct limit solutions of a Dirac equation on certain limit spaces. For this 
we need the following two lemmas. In the statement of these results, in order to 
simplify the notations, we write a — ► instead of on — > as i — > oo when (ctijigN is 
a sequence of positive numbers converging to 0. In the same way, the subsequences 
of (cti) will also be denoted by (a). 

Lemma 3.3. Let V be an n- dimensional manifold. Let (p a ) be a sequence of 
points in V which converges to a point p as a — > 0. Let (~/ a ) be a sequence of 
metrics defined on a neighbourhood O of p which converges to a metric 70 in the 
C 2 (0) -topology. Finally, let (b a ) be a sequence of positive real numbers such that 
lim Q ^o b a = 00. Then for r > there exists for a small enough a diffeomorphism 

e a :B n (r)^B^(p a ,b- 1 r) 

with Q (O) = p a such that the metric & a (b a j a ) tends to the Euclidean metric £ n 
inC a (B n {r)). 

Proof. Denote by expJJ° : U a O a the exponential map at the point p a defined 
with respect to the metric j a . Here O a is a neighbourhood of p a in V and U a is a 
neighbourhood of the origin in R™. We set 

6 Q :B"(r)3^ exp^^z) G ET«(p a , b~ l r). 

It is easily checked that Q is the desired diffeomorphism. □ 

Lemma 3.4. Let V an n-dimensional spin manifold. Let (g a ) be a sequence of 
metrics which converges to a metric g in C 1 on all compact sets K C V as a — > 0. 
Assume that (U a ) is an increasing sequence of subdomains ofV such that U a U a — 
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V. Letip a £ r(E ffa C/ a ) be a sequence of spinors of class C 1 such that \\ipa\\L<*>(U a ) < 
C where C does not depend on a, and 

D a "^ a = X a \il) a \^^ a (14) 

where the X a are positive numbers which tend to A > 0. Then there exists a spinor 
ip e T(E 9 V) of class C 1 such that 

D g tp = \\ip\^i> (15) 

on V and a subsequence of (f3 9a tp a ) tends to ip in C°(K) for any compact set 
K C V. In particular 

\\iP\\l^(k) = ^ WMl^IK), (16) 

and 

I \ip\ r dv 9 = lim / \ip a \ r dv 3a (17) 
for any compact set K and any r > 1. 

Proof. Let K be a compact subset of V and let be an open set in V with compact 
closure such that K C CI. Let \ £ C°°(V) with < x < 1 be compactly supported 
in ft and satisfy \ = 1 on a neighbourhood f2 of if. Set ip a = (/3| q ) _1 V> a . Using 
Equations (fi"4|) and ([3]) we get 

D°{xv a ) = grad 9 X • y a + xKx\<P«\^<Pa - X^JV 9 ^) - xB 9 ga {<p a )- (18) 

Using the fact that \a + b + c\ r < 3 r (\a\ r + \b\ r + \c\ r ) for a, b,c E E, r > 1, we see 
that 

|-D s (x^)| r < 3 r (|grad 9 X ■ <Pa + xK.\<Pc\^ <Pa\ r 

+ \xA a ga (y'<p a )\ r + \xBIJ<p a )\ r ) 

for r > 1. Since ||y a ||i«>(V) = ll^a < C* we have 

|grad 9 x • ip a + xA Q |v5 Q |^r^ Q | r < C. 

By Relations ((4]) and fl}, and since lim^o ||<7a — fl']]c l (n) = 0, we get 

\xA B Ba (y a <p a )\ r + \xB$ a (ifi a )\ r < o(l) (\V g (x<P a )\ r + lgrad 9 x • + \ X <p a \ r ) 

< (l)(|V»( X ^)| r + C), 

where o(l) tends to with a. It follows that 

\D 9 ( X <P*)\ r <C + o(l)\V°( X <P a )\ r . 

Setting ip — X <p a in Inequality (J7J) and again using that ||</? q ||l=o(o) is uniformly 
bounded we get that 

/ \V g { X <p a )\ r dv a <C + o(l) [ \V 9 ( XVa )\ r dv 9 . 
Jn Jn 

In particular ( X (fi a ) is bounded in Hq ,t (S}). Let a <E (0,1). By the Sobolev Em- 
bedding Theorem this implies that a subsequence of (x<Pa) converges in C°' a (Q) 
to tpK 6 r(E ffQ il) of class C a . We take the inner product of (JTHJ with a smooth 
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spinor ip which is compactly supported in £1 and integrate over fl. Since % = 1 on 
the support of !p the result is 

(ip a ,D 9 ip) dv 9 = / \ a \ip a \~^ {ip a ,ip) dv 9 
n Jn 



{A 9 ga {V 9 Va )^)dv 9 - / (Bl(cp a ),tp)dvs. 
! Jn 

Taking the limit a — > and again using (0| and © we get 



(ipK, D 9 (p) dv 9 = I \\iPk\ n - 1 (i>K, ¥>) dv 9 . 
n Jn 

Hence, i(jk satisfies Equation (Tl5|) weakly on K. By standard regularity theorems 
we conclude that ipx S C 1 ^). 

Now we choose an increasing sequence of compact sets K m such that U m K m = V . 
Using the above arguments and taking successive subsequences it follows that {tp a ) 
converge to spinor fields ipm on K m with ip m \K m - 1 — V-Vn-i- We define ip on V by 
ij) := ip m on K m . By taking a diagonal subsequence of we get that (ip a ) tends to ip 
in C° on any compact set K C V. 

The relations lfl6|) and p7|) follow immediately since f3 9 a is an isometry, since 
ip a = (Z?^) -1 ^, and since (g a ) (resp. (<p Q )) tends to g (resp. V) m C° on ^> 
This ends the proof of Lemma 13.41 □ 



3.3. Dirac spectral bounds on products with spheres. In the following lemma 
we assume (in the case m = 1) that S 1 carries the spin structure which is obtained 
by restricting the unique spin structure on the B 2 to the boundary. The proof is 
a simple application of the formula for the squared Dirac operator on a product 
manifold together with the lower bound of its spectrum on the standard sphere. 

Lemma 3.5. Let (V,g) be a complete Riemannian spin manifold. Then any L 2 - 
spinor ip on (V x 5™, g + a m ) satisfies 

[ \D?P\ 2 dv 9+am > — [ \^\ 2 dv 9+am . 

JVxS m 4 JvxS m 

3.4. Approximation by local product metrics. In this paragraph we will see 
how to change the metrics gi to product form <?; = hi + dr 2 + r 2 l o- n ~ k ~ 1 in a 
neighbourhood of W[ in Mj without changing Ajt in (M,,g i i) much. 

Lemma 3.6. Let (V,g) be a compact Riemannian manifold of dimension n and let 
S be a closed submanifold of dimension k, where < k < n ~ 2. Assume that a 
trivialization of the normal bundle of S is given and assume that D 9 is invertible. 
Then there exists a sequence (si)i^n of positive real numbers converging to and a 
sequence (g £i ) of metrics on V such that 

lim X+ ia (V,g ei ) = Xt lin (V,g) 

i — >oo 

and 

9ei =h + dr 2 +r 2 a n ~ k - 1 
on U 9 {S,£i). Here h is the restriction of the metric g to S and r{x) = d 9 (S,x). 

Proof. Using the trivialization of the normal bundle we identify a neighbourhood 
of S with S x B n ~ k {R max ) as described in Section l2~2l In this neighbourhood we 
define the metric g := h + dr 2 + r 2 - n - k - 1 ^ Recall that U 9 (S,e) denotes the set 
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of points x € V such that r(x) < e and let Xe £ C°°(M), < x < 1, be a cut-off 
function such that x = 1 on U 9 (S,e), \ = on M \ U 9 (S,2e), and |dxe| < 2/e. 
We define 

9e ■= Xe9+ (1 - Xe)9- 

Then g £ has product form on U 9 {S,e). For convenience we introduce the notation 
X E := A^ in (V,<7 £ ) and A := A^" lin (V,<7). Let be a sequence of positive numbers 

tending to such that the limit lim^oo A 6i exists. In the following, we write e — > 
instead of — > as i — > oo. In the same way, (e) will denote the successive 
subsequences of (£j) we will need. With this notations, let A := lim e ^o X £ which 
exists after possibly taking a subsequence. 
We begin by proving that 

A < A, (19) 
which is the simpler part of the proof. Let J := J 9 and J e := J 9e be the functionals 
associated to g and g £ , and let S > be a small number. We set x'e '•— 1 — X2e, so 
that x 'e = 1 on V \ U 9 {SAe), x' £ = on U 9 (S,2e), and ^1 < V s - We see that 
g = g £ on the support of 77^. Let ■0 be a smooth spinor such that J(ip) < A + 5. We 
then have 

(D 9 ( X '^),x' e ^)dv 9 = f X 'e(D 9 ^)dv 9 + f (grad 9 xi ■ V, X^> 

Since the last term here is purely imaginary we obtain 

lim / (D 9 (x'ip),Xe*P)dv 9 = limRe / X ?(D 9 ip,ip) dv 9 = f {D 9 ij},ip) dv 9 . (20) 
e ^°Jy Jy Jy 

We compute 



V\Us(SAe) 



(21) 



|grad 9 Xe • i> + x'e D9 ^\^ dv 9 . 

Us(S,4e)\Un(S,2e) 



Using the fact that \a + b\ "+ 1 < 2"™ 1 (\a\ "+ 1 + |6| -+ 1 ) for a,klwe have 
|grad 9 Xe • 4 + XeD 9 ^ < 2^ (|gradV e |^M^ + \x' s \^ \D 9 ^) 

< 2^ft (c lS -^ + c 2 ) , 
where C x and C 2 are bounds on |0| and \Dtp\. Since Vol(C/ 9 (S', 4e) \ t/ 5 (S*,2e)) < 

C£ n~k < C£ 2 it follows that 

lim / |grad 9 Xc ' i> + XeD 9 ^^ 1 dv 9 = 0. 

It is clear that lini e ^o fv\u<>(S4e) \D 9 ip\~^ dv 9 = J v \D 9 %p\~^ dv 9 so Equation (121]) 
tells us that 

lim / \D 9 ( X ' £ 4>)\^ dv 9 = / \D 9 ^\^dv 9 . 



Together with Equation (f2T)]) this proves that lim e ^ Jix'e^) = "AVO < A + Since 
g e = 3 on the support of Xe^j we have J £ (x e ip) = ^(XeVO- Relation (TT5]) now 
follows since X E < Je(XeV') an d <5 is arbitrary. 

The second and harder part of the proof is to show that 

A > A. (22) 
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From Proposition E3 we know that A e < A+ is (S", a n ), A < A+ in (S"™, a n ), and 
A < \+ in (S n ,a n ). Inequality $22$) is obvious if A = A+ in (5™, cr"). Hence we will 
assume A £ < A^ in (S' n , a n ) for a sequence s — > 0. As the Dirac operator is invertible 
we know that ([8]) holds. By Theorem 12.41 there exists for all e spinor fields ip £ £ 
r(£^u) of class C 1 such that 

D*^ e = AehM^e, (23) 

and 

f \ip e \^dv^ = 1. (24) 

Define yj e = (J3 9 s )~ 1 ip e . Since g e — > g it is easily seen that the sequence (ip £ ) is 
bounded in L^(V,g). By ^ and fl23|) we have 

I?Ve = \ e \tp e \^<Pe-Al(V°cp e )-Bl(ip e ), (25) 

2n 2n 2?i In In 

together with \a + b + c\~ < 3~(|a|~ + |6|~ + \c\~) for a, b, c e K this 
implies 



I^Vel^ <C^Ar 1 |^l^ T + l^ e ( V Ve)l^ T + l^(^)I^Tj ■ (26) 

We also have 

\Al(W<p e )\ < \\g-ge\\c°<y)\V s 'Pe\ < Ce\V^ E \, (27) 

and 

\Bl_{^)\ < \\g-g E \\ c i ( v)Ws\<C\ Ve \. (28) 
Indeed, since g and g e coincide on S, there exists a constant C so that \\g — 
9e\\Bs(v,e) < Ce. Together with the fact that \d\e\ < 2/e and using the defini- 
tion of g e , this immediately implies that \\g — flfellc^fv) 5= C- Using Relation (|8|) 



and integrating (|26j) we find that 

J \V 9 ip e \^ dv 9 <c(\P' 1 J \cp e \^dv g + e^ J \S/ g (p E \^TT dv 9 

+ J \Bl(<p e )\& du°). 

As g and g e coincide onV r \ B 9 (S, 2e) we conclude that B 9 ^(ip e ) — on this set. 
Together with (|2"8|) we have 

\B 9 E (^)\^dv 9 <C [ \ip £ \^dv 9 

V JBs(S,2e) 



1+1 



< CVol(B 9 (S*,2e))^TT ( / \ip E \^dv 9 
= o(l), 

where o(l) tends to with e. Hence 

|VVe|^rfw 9 < C [Xp 1 [ \<p e \^dv g + e [ \V 9 ip s \^ dv 9 + o(l) ) . (29) 



v 



This implies in particular that (<p £ ) is bounded in H^ +1 (V) and hence after passing 
to a subsequence {(p e ) converges weakly to a limit (p in H" +1 (V). 
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The next step is to prove that A = lim e _>o A e is not zero. To get a contradiction 
let us assume that A = 0. We then obtain from (l29l) that 



/ |W|^TT dv 9 < lim / |VV £ |^?t dv 9 = 0. 
Jv ^°Jv 

So ip is parallel and since D 9 is invertible we conclude tp — 0, in other words 

(ip e ) converges weakly to zero in + (V). As this space embeds compactly into 

L "+ 1 (V) we have 

lim |<i?J| _2s, = ||<Z>|| _2ri = 0, 

and hence (cp e ) converges strongly to zero in H^ +1 (V). As this space embeds 
continuously into L™- 1 (V) we conclude that the sequence converges strongly to 
zero in L"- 1 (V). This is impossible since by Relation (|24[1 we easily get that 

lim ||<P e || 2n = 1. 

From this contradiction we conclude 

A > 0. (30) 

From we have 

\\D g <p e \\ 2n <A e ||w E ||^t +\\A 9 (V 9 ^ e )\\ an 
+ \\B 9 (ip £ )\\ j. . 

We already proved above that 

lim IIB 9 (05 E )|| -J» =0. 
Using Relation (J27J) we get similarily 

lim \\A 9 (VVe)ll Ja, =0. 
Moreover since = (1 + o(l)) Gfo 9 it follows from (|24| that 

Asll^H 5 ^ =Ae(l + 0(l)). 

L"-i(y) 

We conclude 

PVe|l L ^ (v) < \s + 0(l). (31) 

Starting from Equation (|25p we can prove in a similar way that 

(D 9 <p e ,(p e )dv 9 > A £ +o(l). (32) 

From (1201), ([51]). and (02) it follows that A < lim £ ^ J(<Pe) = A. This ends the 
demonstration of (|22|) . which together with (p~9|) proves Lemma T3.61 □ 
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4. Proofs 

4.1. Proof of Theorem 11.21 This section is devoted to the proof of Theorem [L21 
Our goal is to construct a family of metrics (gg) with < 8 < 8 which satisfies the 
conclusion of Theorem p. 21) . 

From Lemma [XH applied with V = M = Mi II M 2 and S = W = w± (W x 
{0}) II w 2 (W x {0}) we may assume that 

g = h + dr 2 +r 2 a n - k - 1 (33) 

in a neighbourhood U(R max ) of W where i? max > 0. We fix numbers Rq,Ri G R 
with i? max > Ri > Ro > and we choose a function F : M \ W' — > R + such that 



1, ifse M,- \C7i(iZi); 
rr 1 if xe C/ 4 (i? )\VF'. 



We further choose 6* G (0, Ro), later we will let 8 — > 0. It is not difficult to see that 
there is a smooth function / : U(R max ) — » R (depending only on r), real numbers 
8i = 5i(8) and 5 2 = S 2 (8) with # > <5 2 > <5i > and a real number G {8~ l , S^ 1 ) 
such that 

f-lnr if x G tT(JU) \ U(6); 
hi A, 



fix) 



and such that 



and 



i£x£U(6 2 ), 
< 1, 







4f 






d(lnr) 



r- (r^ 




d 2 f 






d 2 (In r) 



as 



0. It follows that limg^o Ag = oo 
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Hierarchy of Variables 

Rmax > Rl > Ro > > S 2 > 81 > £ > 

We choose in the order i? max , Ri,R , 9, 8 2 , §i,Ag We can assume for example that 
e = e~ Ae 8\. This implies \t\ = A g ^ r; = Si. 

Figure 2. Hierarchy of variables 



After these choices we set e :— e~ Aa 8\. We assume that N is obtained from 
M by a connected sum along W with parameter e, as explained in Section [2~2l In 
particular, recall that U^(s) — U(s)\U(e)/~ for all s > e. On the set [/^(-Rmax) = 
U(Rmax) \ U(e)/~ we define the variable t by 

t := — lnri + hie < 

on J7i(i? max ) \U(e) and 

t := lnr2 — hie > 
on U 2 (R max ) \ U(e). This implies 

The choices imply that t : U^(R max ) — > K is a smooth function with t < on 
U*{R max ) n M Xj i > on U*{R max ) n M 2 , and f = is the common boundary 
dUi(e) identified in TV with <9[/ 2 (e). Then Equation ([55)1 tells us that 

r - 2 5 = e - 2 e- 2 l t l^ + ^ 2 + ( 7"-' £ - 1 . 

Expressed in the new variable t we have 

if x € U^{R ) \ U^{6) or in other words if |i| + hie < lni? , and 

'-|t|-lne if |t|+lnee {6,R max ), 
lnA e if \t\ + lne < ln<5 2 , 



/(*) = 



and < 1, ||rf 2 //rfi 2 ||i^ -> 0. After choosing a cut-off function x ■ K — ► [0, 1] 

such that x = on (—00, —1] and x — 1 011 [li we define 

ge{x) := I e 2 ^hi + dt 2 + a"-*- 1 if x € [7,(61) \ £7, (ft); 

( i^X^H)^ + A 2 (l - xOV 1 *))^ + * 2 + * n_fe_1 if * G \ 

(Recall that the hi are defined as the pullback via Wi of the metric gi on M,-, 
composed with restriction to VT = W x {0}.) 
On U^(Rq) we write <?g as 

50 = a 2 t h t + dt 2 + cr n ~ fc ~ 1 , 

where the metric h t is defined for t £ K by 

^ := x( V*)^ + (1 - X( . ( 34 ) 

and where 

at := e /(t) . (35) 
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The rest of the proof consists of showing that (gg) is the desired family of metrics. 
We first choose a sequence converging to so that lim^oo Xg i exists. To 

avoid complicated notation we write 9 — > for the sequence (9i)i^n converging 
to zero and we will pass successively to subsequences without changing notation. 
Similarly lim^o h(9) should be read as lim^oo h(9i). We set A :— A^ in (Mi II 
M 2 ,g), A e := A+ in (7V,5e), and A := lim e ^ A e . Let J := J 9 and J e := J 9B be the 
functionals associated respectively to g and gg . 

The easier part of the argument is to show that 

A < A. (36) 

For this let a > be a small number. We choose a smooth cut-off function Xa ■ 
Mi II M 2 -> [0, 1] such that Xa = 1 on M x II M 2 \ U(2a), \dx a \ < 2/a, and x» = 
on U(a), Let ip be a smooth non-zero spinor such that J(i/j) < A + 5 where 6 is a 
small positive number. On the support of Xa the metrics g and g a are conformal 
since gg = F 2 g and hence by Formula (|10p we have 

A e < J e (Xa/3»,(F-^)) = J(x a V) 

for < a. Proceeding exactly as in the first part of the proof of Lemma 13.61 we 
show that lim a ^o JiXaip) = J(tp) < A + 5. From this Relation ([3^)1 follows. 
Now we turn to the more difficult part of the proof, that 

A > min{A,A„ !fc }. (37) 

By Proposition 12.31 we can assume that Xg < \+ in (S n ,<r n ) for all 9, otherwise 
Relation (f37f is trivial. From Theorem 12.41 we know that there exists a spinor field 
i)g e r(E Ba N) of class C 2 such that 

/ \t/j e \^ dv 9e = 1 
Jn 

and 

D 9 ^jg = \g\4,g\^4,g. (38) 

We let xg in N be such that |^g(xg)| = mg where mg := ||V-'6i||L= o (A r )- 
The proof continues divided in cases. 

Case I. The sequence (mg) is not bounded. 

After taking a subsequence, we can assume that lim^o^e — oo. We consider 
two subcases. 

Subcase LI. There exists a > such that xg G N \ U N (a) for an infinite number 
ofO. 

We recall that N \ U N (a) =N e \ U*(a) = M x II M 2 \ U(a). By taking a subse- 
quence we can assume that there exists x £ M1WM2XU (a) such that limg^o x e = x. 

4 

We let g' g := m^ 1 gg. In a neighbourhood U of x the metric gg — F 2 g does 

not depend on 9. We apply Lemma [3.31 with O = U, a — 9, p a — xg, p = x, 

2 

la = gg = F 2 g, and b a = m^' 1 . Let r > 0. For 9 small enough Lemma T3.3I gives 
us diffcomorphisms 

Gg : B n (r)^B 9e (xg,m^r) 
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such that the sequence of metrics (Qg(g'g)) tends to the Euclidean metric £" in 
^(^(r)). We let ip' g := m^ipg. By © we then have 

2 

on B 9e {xe,m g n ~ l r) and 

/ _ 2 W \^dv a '°=f _ 2 \rpg\^ dv a ° 

J BBe(x e ,m e "~ l r) J Bse (x e ,m g ™~ 1 r) 



< / l^el^dv" 

Jn 
= 1. 

Here we used the fact that dv 9 & — m^ 1 " 1 dv 9d . Since 

8, : (B"(r),e») - (flw^.m^r),^) 
is an isometry we can consider t/^ as a solution of 

on B n (r) with / B , l(r) |^|^ < 1. Since ||^|| L o= (B » (r)) = |^(0)| = 1 

can apply Lemma T3.4I with V — R", a = 9, g a = Q* g (g' g ), and ipa = ip'g (we may 
apply this lemma since each compact set of M™ is contained in some ball B n (r)). 
This shows that there exists a spinor ip of class C 1 on (R n ,£ n ) which satisfies 

Furthermore by ()17j) we have 



we 



/ \ip\ dv^ = lim / 



for any r > 0. We conclude that L„ |i/j|' ;; ^ rT du?" < 1. Since |^(0)| = 1 we also see 
that ip is not identically zero. As (R™,£") and (5 1 ™ \ {pt},cr n ) are conformal we 
can write <r n = $ 2 £" for a positive function $. We define ip := <I> ~ /3„nip. By 
Equation (|6|) it follows that ip G L"^i(5 n ) is a solution of 

D a "ip = \\(p\^ip (39) 

on 5" \ {pt} of class C 1 . By Corollary 13.21 we know that <p can be extended to a 
weak solution of (f3"9"| on all S n and by standard regularity theorems it follows that 
ip e C^S" 1 ). Let J' 7 " be the functional associated to (S"\cr n ). By Equation jUD 
we have 

A+ n (S n ,<7")< J CT » = A 
where the inequality comes from Proposition ^. 31 We have proved Relation (|37|) in 
this subcase. 

Subcase 1.2. For all a > z< /io/rfs that x ^ Mi II M% \ f(a) /or sufficiently 
small. 

This means that xg belongs to U N (a) if 8 is sufficiently small. This subset is dif- 
feomorphic to W x / x 5 n_fc_1 where J is an interval. Through this diffeomorphism 
xg can be written as 

Xg = (yg,tg,Zg) 
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where yg G W, tg G (— \nRo + lne, — lne + mi£o), and zg G S n k 1 . By taking a 
subsequence we can assume that yg, j^, and zg converge respectively to y G J-F, 
T G [-oc,+oo], and z G S n ~ k ~ x . We apply Lemma EH1 with V = W, a = 9, 

p a = yg, p = y, 7 Q = h te , 70 = h T (we define /i_oo := tii and h +oa := h 2 ), and 

2 

b a = rrig^ 1 at e - The lemma provides diffeomorphisms 



4 

for r > such that (Q g )*(m g _1 o? tg h tg ) tends to the Euclidean metric £ fc on B k (r 

as 6* — > 0. Next we apply Lemma 1331 with V = S n ~ k ~ 1 , a = 0, p Q = zg, j a = 70 = 

2 

^n-fc-i^ anc j ^ _ ttj"- 1 p or r' > we get the existence of diffeomorphisms 



B° 



(zg,m g n V) 



such that (0^)*(m^ 1 CT rl - fe - 1 ) converges to on B n - k - 1 (r') as 6> -> 0. For 

r, r' ,r" > we define 

2 2 2 

Ug(r,r',r") := B 's (yg,m g 51=1 r) x [f e - m e "~V',t e + m g "~V] 

and 

9 e : S fc (r) x [-r",r"] x B n_fc_1 (r') -> U e {r,r' ,r") 

(y, s ,z)^(e^( 2/ ),t( s ),e^(z)), 

2 

where t(s) := + m^ 1 s. By construction 0g is a diffeomorphism. As is readily 
seen 

e* (mf J gg) = (Ginrnf^afh) + ds 2 + (6g)*(mf T C r«- fe - 1 ). (40) 
By construction of at one can verify that 



lim 



1 







for all i? > since ^ and ^jX are uniformly bounded. Moreover it is clear that 



dt dP 

lim ht — ht, 

6^0 







CMS ' 9 (»9,m„ "- 1 a t - «)) 
_ 2 _ 2 

uniformly in t G [te — m g n ~ 1 r" , tg + m g r"\. As a consequence 



lim 

0^0 



W (mr 1 (c 



= 



Ci(B*(r)) 



uniformly in t. This implies that the sequence (&g)*(,rn g 1 a 2 h t ) tends to the 

Euclidean metric £ fc in C 1 (B k (r)) uniformly in t as 9 —> 0. From ([4TJ)) we know 

4 

that the sequence {Q g )*{m g ~ 1 a n ~ k ~ 1 ) tends to the Euclidean metric £™~ fc -i on 

4 

B n ~ k ~ 1 (r') as — > 0. Returning to (14^)) we obtain that the sequence Qgim^' 1 gg) 
tends to £™ = ^ fe +ds 2 +f on £? fe (r) x [— r",r"] xB°" l_1 (r'). As in Subcase 1. 1 
we apply Lemma 13.41 to get a spinor ip of class C 1 on R" which satisfies 

D^ip = \\i/>\^il> 
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with f Bn , r \ lipl^dx < 1 for all r E K+. Lemma EOl tells us that \tp(0)\ = 1 so V> 
does not vanish identically. As in Subcase 1.1 we conclude that 

A<A+ n (5",a")<A. 

This ends the proof of Theorem 11.21 in Case I. 

Case II. There exists a constant C\ such that me < G\ for all 0. 

Again we consider two subcases. 

Subcase II. 1. Assume that 



6^0 

for some number a > 0. 



liminf / \ipe\— dv 9e > (41) 

N\U N (a) 



Let K a compact subset such that K C M\ HM2 \ W . Choose a small number b 
such that K C M 1 UM 2 \U(2b) = N\U N (2b). Let X G C oa (M 1 UM 2 ), < % < 1, 
be a cut-off function equal to 1 on Mi II M2 \ U(2b) and equal to on ?7(&). Set 
ip' g := Ft - (/3| e ) _1 i/)e. Since c/e = F 2 g on the support of \ we have 

on this set. For r > we have 
\D 9 ( x ^ e )\ r dv 9 

A/1UM2 



AiiUA/ 2 



rrad^x-^ + xAelVel"- 1 ^ 



dw 9 



<2M/ |grad 9 x| r |^r^ 9 + AW X r WI^^ S 

< c. 



since me < Ci. Together with Relation ([8]) we get that the sequence {x^'e) is 
bounded in H{(Mi II M 2 ) for all r > 0. Proceeding as in the proof of Lemma l3Tl 
we get a C 1 spinor ipo defined on K such that a subsequence of (ip'e) converges to 
in C°(K) and which satisfies 

£><Vo=A>o| A V>o- (42) 
Furthermore the convergence in C° implies that 

\i;o\^dv 9 < liminf / l^l^dv 9 = liminf / \iPg\^dv 9 <> < 1. 



k J K 0^0 JK 

Repeating the same for a sequence of compact sets which exhausts Mi II M 2 \ W 
and taking a diagonal subsequence we can extend tpo to Mi II M 2 \ W. Since 
ipo e L^{Mi II M 2 \ W) = L^(M 1 II M 2 ) we can use Theorem to extend 
ipo to a weak solution of Equation (|4"2")) on Mi II M 2 . Note here that since D 9 
is invertible we have A > 0. By standard regularity theorems we conclude that 
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ipo € C^Mi n M 2 ). By dHJ we have 



\ipo\~ dv 9 = lim / Wg\^ dv 9 

M x 11M 2 \U{a) JM 1 UM 2 \U(a) 

= lim / \ip g \^ dv 9e 

J M 1 UM 2 \U{a) 

>o, 

and we conclude that tpo does not vanish identically. Equation (|42|) then leads to 



A<J(V^o)=A( / IV'ol^^ 5 ) <A, 

' M\WM 2 



which proves Theorem 11.21 in this case. 
Subcase II. 2. We have 



liminf / \ip e \^ dv 9e = (43) 

JN\U N (a) 



for all a > 0. 



This case is the most difficult one and we proceed in several steps. The assump- 
tion here is that we have a sequence {9i) which tends to zero as i — > oo with the 
property that the integral above tends to zero for all a > 0. We will abuse notation 
and write limg^ f° r what should be a limit as i — > oo or a limit of a subsequence. 

For positive a and 9 let 

, , _ W»(q)l^| 2 ^ ge 

l9[a) ' fu» {a) \M 2 dv 9 ° 
The first step is to establish an estimate for 79(a). 
Step 1. There is a constant Cq so that 

1 < Co (70(a) + ]|Ve||^ (£/ ^ (2a)) ) (44) 

for all a > 0. 

Let x e C°°(N), < x < 1, be a cut-off function with x = 1 on f/ w (a) and 
X = on N\ U N (2a) = M x II M 2 \ C/(2a). Since the definitions of U N {a) and U(a) 
use the distance to W for the metric g we can and do assume that \dx\g < 2/a. 
For the metric go this gives 

\dx\g, = F-^dxlg = r\d X \ g < 2a^ = 4. 
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From Lemma 13.51 and Equation (|38|) it follows that 

(n-fc-1) 2 < J N \D9°(xtl>e)\ 2 dve° 



In \xM 2dv9e 



< 



I N \dx\j\M 2 dv 9e + Ag J N X 2 \^e I ^ dv<» 
J N \xM 2 dv9° 

4 

16 V(2g)\t/"(«) 1^ P + A fl 1 1 ^ II g (2a)) JjV IX^I' ^ 

/at Ix^el 2 ^ 98 
16V (2a)WW(a) |^| 2 ^ . 

4 

< 167e(a) + A^||V'e||£i 1 ( , 7 iv (2a)) - 
Using that A e < A+ in (S"\ a n ) by Proposition H3] we obtain Relation (g3J) with 

This ends the proof of Step 1. 

Step 2. There exist a sequence of positive numbers (ag) which tends to wif/i 
and constants < m < M such that 

m< |hML~ ([/ * (2a9)) <M (45) 

/or all 8. 

By (g3]) we have 

lim / \ip g \^ dv 9a = 

JN\U N (a) 

for all a > 0. Since Vol (iV \ U N (a),gg) does not depend on if < a it follows 
that 

lim [ / \ip e \^ dv 9e ) Vo\(N\U N (a),g e )™ =0 



N\U"(a) 



for all a. Hence we can take a sequence (ag) which tends sufficiently slowly to so 
that 



0^0 



lim I / \il> 6 \^ dv 9e \ Vo\{N \ U N {a e ), g e ) « = 0. (46) 



<N\U N (a a ) 

Using the Holder inequality we get 

fN\u» M \M 2 dv 9 ° 



le{ae) 



< 



Iu"(a e )\M 2 dv3° 

(Jn\u» M dv 9 »)^Vol(N \ U N {aelgeY 
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The numerator of this expression tends to by Relation (|46|) . Further by (j46|) we 
have 

lim/ dv9 ° = lim / dvge - I \ifig\^ dv 9e 

e ^°Ju N (a ) e ^°JN JN\U N (a e ) 

= 1. 

Together with the fact that \\iPb\\l°°{u n {a e )) < m e < Ci we obtain that 

lim 70 (a e ) = 0. 

9->0 

From Relation (|44p applied with a = ag we know that ||V , e||L°°([/ JV (2a () )) is bounded 
from below. Moreover, by the assumption of Case II we have that ||V'e||L°°(c/ JV (2a () )) < 
f&e < C\. This finishes the proof of Step 2. 

Step 3. We have 

A > A n! fc. 

Let xg be a point in the closure of U N (2ag ) such that \ipg(xg)\ = W^sWl^cu" (2a e ))- 
As in Subcase 1.2 we write xg = (yg,tg,zg) where yg G IF, G (— lni?o + 
lne, — lne + lni? ), and zg E S n ~ k ~ 1 . By restricting to a subsequence we can 
assume that yg, tg/Ag, and zg converge respectively to y G W, T G [-co, +oo], and 
z G S" 1 ^" 1 . We apply Lemma l3~3l with V = IF, a = 9, p a = yg, p — y, j a — h tfj , 
7o = hr> and b a = ott e (recall that ht and a* were defined in (|34p and (|35p ) and 
conclude that there is a diffeomorphism 

e y e :B k (r)^B~ h ^(yg,a^r) 

for r > such that (Q v g )* (a 2 g h te ) converges to the Euclidean metric £ fc on B k (r). 
For r, r' > we define 

t/ e (r,r') := B~ ht ° (yg^^r) x [t„ - /, tg + r'] x S"-*- 1 

and 

6 : B fe (r) x [-/,/] x s»-*-i -» «7 e (r,r') 

(y,s,z) i ^ (e^(y),i(s),z), 

where i(s) := tg + s. By construction Qg is a diffeomorphism. Since gg — a 2 ht + 
dt 2 + o n ~ k ~ x we see that 

e*g(gg) = 4(6 e y )*(a^ t ) + ds 2 + a n ~ k -\ (47) 

We will now find the limit of Qg(gg) in the C 1 topology. We define c := limg^o f'(te)- 
Lemma 4.1. TTie sequence of metrics Qg(gg) tends to 

G c = n k+l + cr n - k - 1 = e 2cs £_ k + ds 2 + a 71 -^ 1 
in C 1 on B k (r) x [-r',r'} x S n ~ k ~ 1 for fixed r,r' > 0. 
Proof. Recall that a t = e^^K The intermediate value theorem tells us that 

\f(t) ~ f(tg) - f'(tg)(t - tg)\ < tL max 

2 ie[t e -r',t e +r'] 

for all t g [tg ~ r' ,tg + r']. On the other hand we assume that f"(t) — > as — > 0, 
so 

»/(*) ~ - /'(**)(* - *fl)ll C 0([t.-r',t 9 +r']) - 
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as 9 — > (and r' fixed). Furthermore 



S (/(*)-/(*«)- /'(*«)(*-*«)) 



= !/'(*) -mi 



/"(a) da 



<r' max |/"(£)| 
?e[te-r',t e +r'] 

-> 



0. 



as 9 — > 0. Together with c = lirng^o f'(te) we have 

||/(*)-/(tfl)-c(t-t fl )|| OI([ts _ r , jt , +r , ]) 
Exponentiation of functions is a continuous map 

C 1 {[t e - r', to + r']) 9 / ^ exp o/ e C 1 ([t 9 - r', i + /]). 

Hence 



^L_ e c(i-t 9 ) 



C l {[t e -r',t g +r')) 



e /(*)-/(*e) _ e c(t-t«) 



CHItfl-r'.te+r']) 



as — > 0. We now write af/ij = a 2 (ht — h tg ) + -^$-a 2 ht e - Using the fact that 



lim 



CHB h (ye.a^R)) 



= 



uniformly for t S [tg — r',fg — r'] we get that the sequence —^-(Qg)*{a 2 e ht) tends 
to e 2cs t; k in C 1 on B k (r). Going back to Relation (|47[) this proves Lemma |4~T1 □ 

We continue with the proof of Step 3. As in subcases 1.1 and 1.2 we apply 
Lemma E3| with (V,g) = (M fe+1 x S n ~ k - 1 ,G C ), a = 6, and 5q = e* g (gg) (we can 
apply this lemma since any compact subset of R fc+1 x S n ~ k ~ 1 is contained in some 
B k (r) x \—r', r'\ x S n ~ k ~ 1 ). We obtain a C 1 spinor tp which is a solution of 

on (M fe+1 x 5"- fe - 1 ,G c ). From (jTTJ) it follows that 



dv Gc < 1 



From HI]) it follows that ip G L°°(R fc+1 x S'"- fe - 1 ), and from (H]) and (g5J) it follows 
that ip does not vanish identically. We want to show that V S L 2 (R fe+1 x S" 1- * -1 ). 
From (fT7|) we get that 



B k (r)x[-r',r']xS r ' 



\tb\ 2 dv Go = lim 

0^0 



Ue(r,r>) 



< lim 



J JIN 



\i)e\ 2 dv 9e 
\il) 6 \ 2 dv 9e 



(48) 



U N (a) 
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for some fixed number a > independent of r, r' and 9. Let x be defined as in 
Step 1. Using the Holder inequality, Lemma 1331 and Equation (f38|) we see that 

(n-k-1) 2 



4 

J N \D3e( X iPe)\ 2 dvS>> 



< 



< 



J N \xipe\ 2 dv9e 

In \xM 2 dv3° 

16 Ju»(2a)\U»(a) IV* I ^ + *1 || ^ 1 1 ]£ V" (2a)) /t/" (2a) W ^ 



V (a) |^| 2 ^ 

We have 

$\\M\^\ UN{2a)) I \M^dv°° < A+ n (5",a") 2 Cr T 

V k " JU N (2a) 

and 

U N (2a)\U N (a) 

n-l 

\M^dvA Vol (U N (2a) \U N (a), go)' 



< 



\JU N (2a)\U N (a) 

<Vol(U N (2a)\U N (a),g e y 



Since gg does not depend on 9 on U N (2a) \ U N (a) for 9 < a, we get the existence 
of a constant C such that 

(n-/c-l) 2 < C 



4 " V(a)l^| 2 ^ 9 *' 

Together with (j48|) we obtain that 

B k (r) x [-- r'.r'] xS"-'- 1 

where C is independent of r and r'. This proves that ip G L 2 (R' C+1 x S n ~ k ~ 1 ). 
Since the spinor ip is non-zero and 

xj} G L°°(R fc+1 x n C 1 1 oc (R fc+1 x S n ~ k - X ) n L 2 (M fc+1 x fl™-*- 1 ) 

with 

/ |^|^rdu G< =<l 

JK fc + 1 xS' l -' ! - 1 

we get that A > A„ i( t by the definition of A n ^- This ends the proof of this subcase 
and the proof of Theorem 11.21 
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4.2. Proof of Theorem 11.11 We prove Theorem 11.11 bv contradiction. Assume 
that there is a sequence Ci G [—1, 1], j e N, for which 



lim A+ in (M fc+i x S"- fc -\G Ci ) = 0. 

i— »oo 

After removing the indices i for which A^ in is infinite we have for all i a solution of 

D G ^^ = AiM^Vi (49) 
where Xi — > as i — > oo. Moreover, the spinors ^ are in L°° n L 2 n Cj^, and 

IV^I^ 1 rfw Gc ' < 1. 



Let := 1 1 iAi 1 1 i =° ■ We cannot assume that m t is attained, but since (R fc+1 x 
S n ~ , G Ci ) is a symmetric space we can compose V'i with isometries so that 
\tpi(P)\ > mi/2 for some fixed point P G M' c+1 x S'™ - ' 5-1 . First we prove that 

lim rrii — oo. (50) 

2 — >00 

By Lemma 13.51 and Equation (|49]) we have 

(n-fc - l) 2 / r hixs»-*-i iD^^ipdu "* 



< 



Jl'+'xS"-*- 1 IV 7 *] n_1 ^ 



< Af mf 1 . 

Since Xi tends to zero this proves (|50[) . Restricting to subsequence we can assume 
that lim^oo Ci exists and we denote this limit by c G [—1,1]. We apply Lemma 
GO] with a = (V,7 a ) = (R k+1 x 5 n " fc - 1 , G Ci ), (F,7o) = (K fe+1 x S"-*- 1 , G c ), 

2 

p a = p = P , and fr Q = Tn™ 1 . For r > we obtain a diffeomorphism 

6; : B n (r) -» B G °*(P,mf^r) 

4 

such that 0*(to™ _1 (G Ci )) tends to the Euclidean metric £ n on B n (r). Proceeding 
as in Subcase 1.1 of Theorem 11.21 we construct a non-zero spinor ip belonging to 
L;Sr(R«) such that 

D 4 "V> = lim A l |V'|" TrT '0 = 0. 

i — >oc 

Again as in Subcase LI of Theorem 11.21 we get > A^ in (S l ", <j n ), which is false. 
This proves Theorem ll.il 
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